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Abstract - This paper considcrs the problem of aliasing in inlormation
processing. The cubic spline method of interpelating the uniformly sampled
signals and its effects on the autocorrelation estimation as well as the
resulting spectral density function arc studied by simulating random signals
with known autocorrelation functions. Hence, by comparison of aliased and
alias-free cases, indications arc deduced from suspection to aliasing,
especially in those situations that aliasing is present but the Nyquist
frequency is not too far apart from the main peaks in the signal.
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INTRODUCTION

Aliasing is a major problcm arising in the digital processing of time series, especially
when using the conventional method of uniform sampling. It is a well-known problem,
a detailed account of which may, for instance, be found in [1-2], and yet a considerable
issuc cncountered in spectral analysis [3-8]. The cubic spline mcthod of interpolation,
well cstablished in numerical analysis [9], has also been recently applied to a variety of
problems in signal analysis [10-14].

Therefore, by simulating signals, the cubic spline method is applicd to interpolate the
autocorrelation function and random signal. This allows to investigate the effect of
cubic spline interpolation on the resulting spectral density function.

Consider the equi-spaced discrete signal with a sampling time interval At . From
these discrete data, a discrete autocorrelation function R(t), with an cqui-spaced
interval At, is obtainable. The autocorrelation function and also the dirac delta
function, 6(1), are both even functions and hence the discrete autocorrelation function,
R*( 1), may be representcd as [1]:

R*(1)=AtT.R(x)8 (1) (M
wherc,
§ . (t)= S5t nAt) (2)
n=>0

The Fourier transformation of R* (1) gives the spectral density corresponding to the
sampled signal and that of R( 1) yields the speetral density of the original continuous
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signal. Let the former be denoted by S* (w)and the latter by S(®), where ® =2nf for
the frequency f. Fourier transformation of equation (1) can be shown [1] to give:

S*(®)= 3 (o +2nw e, = /AT (3)

-

Equation (3) suggests that S* (®)is periodic, with period 2m.. This fact can also be
shown by employing the properties of discrete Fourier transtormation [1-2]; i.e., for any
integer m:

S*(o + 2mm)=S*(®) (4)
which is the mathematical statement for S*(®) to be periodic with period 2c..

Although S*(w) has a period of 2w, when only positive frequencies are considered,
its fundamental domain will have a width of .. This indicates that, in the half plane
(positive frequency), the spectrum will be repeated at frequencies beyond .. Since the
spectral density is an cven function [2], the picture appearing between w=w, and =2,
is expected to be the mirror image of that appearing between ©=0 and w=w.. The samc
sequence will, then, be repeated with a period of 2.

The frequency w.~n/At (or f=1/2A1) is called the Nyquist, folding or cut-off
frequency [1-2]. It should be noted that, due to the periodicity property, no information
about the frequency content of the signal, above the cut-off frequency, is obtainable. For
the spectral estimation below the cut-off frequency, however, equation (3) must be
cxamined. This equation shows the relationship between thc spectrum corresponding to
the sampled signal and that corresponding to the original continuous signal.

It indicates that the spectral densities at frequencies 2nw, to (or 2nf.+f) would add to
those at o (or f); these frequencies are called ‘aliases’. Therefore, if the sampling
interval At 1s such that frequencies higher than 1/55, are present in the original signal,
then these will contribute to the useful range (0, f.); they will be folded back and appear
as low frequencies, which can cause confusion over the true frequency content of the
signal. The phenomenon is referred o as ‘aliasing’. On the other hand, if At is
sufficiently small to have S(w+2nwm.)=0 for n#0, then S*(w)=S(w) and the resulting
spectrum will be alias-free [1-2].

Not only as an illustration, but also as a later requirement for comparison with the
cubic spline interpolation results, the Nyquist frequency and aliasing will be
demonstrated by computer simulation of an autocorrelation function. The discrete
autocorrelation function was used with different values of At to obtain cut-off
frequencies below and above the positions of the main peaks in the original data. The
trapezoidal integration rule, given in [2], was used for Fourier transformation of the
discrete autocorrelation functions. The true spectrum is also shown. This was abtained
by Fourier transformation of the continuous autocorrelation functions [2].

Consider the autocorrelation function:

R(t)=exp(—t)cosl2nt (5
The true spectrum, obtained by Fourier cosine transformation of this funcion, is shown
in Figure 1. The spectrum exhibits a peak at f=6.

The discrete autocorrclation function was used with At=0.025. This value gives a
non-dimensional cut-off frequency f;=20, which is well above the frequency at which
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the peak occurred in the true spectrum. The spectral estimates were obtained in the
frequency range 0 to 2f., by cosine transformation of the discrete function (sufficient
number of lag values were used to allow its decay). This is shown in Figure 2, where it
1s seen that a peak is exhibited at the frequency of 6, which is in agreement with the true
spectrum. The spectrum in the range f; to 2f; (20 to 40) is, however, seen to be merely
the mirror image of that in the range 0 to f; (0 to 20). Hence, the useful frequency range
for spectral estimation is 0 to f..
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Figure 1: The true spectrum obtained by cosine transformation of the autocorrelation function:
R(t) = exp ('r) cos (12711)
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Figure 2: The spectral estimate from the autocorrelation function:
R(;) =exp () cos (12,.) .= 0.025s.
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A value of At=0.1 was, then, used. This gives a cut-off frequency =5, which is less
than the present frequency (i.e., 6). Since the frequencies f and 2nf +f are aliases, it 1s
expected that the peak at 6 should contribute to the frequency of 4. The spectral
estimates were computed in the range 0 to 2f; (0 to 10). The spectrum is shown in
Figure 3; it exhibits a peak at 4 and the spectrum in the range f. to 2f. is seen to be the
mirror image of that in the range 0 to f.. It is noted that the peak obtained at 4 is false; it
demonstrates the atiasing occurring in the useful (Nyquist) frequency range.

THE CUBIC SPLINE INTERPOLATION OF SAMPLED SIGNALS

The cubic spline method of interpolation, outlined in the Appendix, may be found in
detail in [9]. This paper considers the cubic spline interpolation of random signal, before
the estimation of the aulocorrelation function, and its effect on the resulting spectrum.

Somc random signals with known autocorrelation functions were simulated on a
computcr, using the methods given in [15-16]. The cubic spline method was used for
mid-interval interpolation of the signal. Time interval was, hence, halved and the
sample size doubled. Consequently, the cut-off frequency used for spectral estimation
was also doubled.

The data with the new sample size and (uniform) time interval, consisting of the
original and interpolated values, were used to obtain a discrete autocorrelation function;
the approach outlined in [2] was used for the autocorrelation estimation. To avoid the
truncation problem, a sufficient sample size was used to let the estimated
autocorrelation function decay to zero. The power spectra were obtained by discrete
cosine transformation of the estimated autocorrelation functions [2].

The estimated autocorrelation coefficients are shown and compared with the true
curves. The estimated spectra are also compared with the true spectra. The true spectra
were computed from the continuous cosine transformation of the true autocorrelation
functions, as may be found in [2].

Random data with the autocorrelation function:

R(t) =exp(—t)cosl2nt (6)
were simulated. The sampling interval At=0.025 was used to give a cut-off frequency
well above the main peak. 30000 samplc values were simulated and interpolated at the
mid-intervals. The autocorrelation cocfficients were, therefore, estimated with
At=0.0125 and the sample size of 60000. The estimated lag values (up to the
autocorrelation lag number 50) are shown and comparcd with the true curve in Figure 4,
The estimated values are seen to lie on the true curve and form a good representation of
it. The lag values R(0)—>R(800) were used to estimate the spectral density function. The
spcctrum obtained from the estimated function is shown and compared with the (rue
spectrum in Figure 5, where the estimated spectrum is seen to be exact. It is also noted
that the spectrum has a cut-off frequency of 40 (At=0.0125), which is twicc the original
cut-off frequency that would have been 20 (At=0.025) before interpolation.
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The spectral cstimate from the autocorrelation function:
R(;)=exp () cos (12, ) .= 0.1s.
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Figure 4: The random data with autocorrelation function:

January

R(T) = exp ('t) cos (121[ ‘[)
The original sample size: 30000

The original time interval: At = 0.025s
The new sample size: 60000

The new time interval: At =0.0125s
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Figure 5: The true spectrum and that obtained by cubic spline interpolation of the data.
The random data with autocorrelation function:
R(2) = exp (-) cos (124
The cubic spline method applied 1o mid-interval interpolation of the data
R(0) — R(16) obtained from the original and interpolated values
R(17) — R(800) extrapolated
The original sample size: 30000 The new sample sizc: 60000
The original cut-ofl frequency: 20HZ (AT = 0.0235)
The new cut-off frequency: 40 HZ (At = 0.01255)
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Figure 6: The random data with autocorrelation function:
R(:} = exp (-;) cos (12, ;}
The cubic spline method applied to mid-interval interpolation of the data

The original sample size: 30000 The original time inlerval: At —

0.05s

The new sample size: 60000 The new time interval: At = 0.023s
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The value of At was increased to 0.05, which would still give a cut-off frequency
above the main peak. The same number of sample values, as before, were simulaled and
interpolated. Figure 6 shows the autocorrelation coefficients cstimatcd from the original
and interpolated values. The estimated lag values are seen to agree with the true
function. The estimates of R(0)—>R(400) were used (as the decayed autocorrelation
function) for spectral estimation. The resulting spectrum is shown in Figure 7, where it
is seen to lie on the true spectrum and be a good representation of the latter. The cut-off
frequency has also been doubled.

The value of At was further increased to 0.1, which would give a cut-off frequency
below the main peak. The data, with the same sample size as before, were simulated and
interpolated. The autocorrelation coefficients, estimated from the original and
interpolated values, are shown and compared with the true curve in Figure 8. It shows
that the estimated lag values, altcrnatcly, lie on (he true curve, i.e. those with a time
delay of 0.1 apart. The estimatcd coefficients, altogether, appear as a discrete function
with a lower frequency than the true funclion. Nevertheless, some of the values which
would not lie on the true curve, fall close to it. At these points, the discrete function
becomes approximately close to the true curve. This pattern seems to be repeated
periodically. The estimated coefficients R (0)—>R(200) were used to estimate the
spectrum, which is shown and compared with the true spectrum in Figure 9. The
estimated spectrum exhibits a peak at f=4 (which is the alias of 6) and a small peak at
=6, i.e. beyond the original cut-off frequency (i.e., 5).

As an alternative example, random data with the following autocorrclation function
were simulated and interpolated:

R(t) = cxp(—1)coslOnt (7

The same sample size as used for the former data (30000) was employed. The
sampling interval At=0.025 was used to obtain a cut-off frequency above thc main peak.
The autocorrelation coefficients, obtained from the original and interpolated data, arc
shown and comparcd with the true curve in Figure 10. The lag values R(0)—>R(1000)
were employed to estimate the spectral density function. The resulting spectrum is
shown and compared with thc true spectrum in Figure 11. The sampling interval
A1=0.0125, giving a low cut-off frequency, was then used. Figure 12 shows the
estimated autocorrelation coefficients and Figure 13 displays the corresponding
spectrum. The spectrum was obtained by cstimating the autocorrelation function from
R(0) to R(200); it 1s noted that the time dclay has been increased and R(200) is
sufficient Lo allow the function to decay.
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Figure 7: The spectrum and that oblained by cubic spline interpolation of the data.
The random data with autocorrelation function:
R(t) =exp ('t) cos (127[ t)
The cubie splinc method applicd to mid-interval interpolation of the data
R(0)- R(16) obtained from the original and interpolated values
R(17)- R(400) extrapolated
The original sample size: 30000  The new sample size: 60000
‘The original cut-oft frequency: 1011Z (At = ().05s)
The new cut-oft frequeney: 20HZ (At = 0.025s)
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Figurc 8: The random data with autocorrelation function:
R(t) = exp ("r:) cos (1211 1)
The cubie spline method applied to mid-interval interpolation of the data
The original sample size: 30000 The original time interval: At = 0.1s
The new sample size: 60000 The new time intcrval: At =0.05s
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Figurc 9: The true spectrum and that obtained by cubic spline interpolation of the data.
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The random data with autocorrelation function:

R(r) ~ exp ('t) cos (lzn ‘)

The cubic splinc method applicd to mid-interval interpolation of the data
R(0)- R(16) obtaincd from the original and interpolated values

R(17)- R(200) extrapolated

The original sample size: 30000 The new sample size: 60000

The original cut-off frequency: SHZ (At =0.15)

The new cut-off frequency: 10HZ (At = 0.05s)

R{v)

t/ar

—— True function
0  Estimated from the original and
interpolated sample values

Figure 10: The random data with autocorrelalion function:

R(‘r) =exp ('t) cos (lox r)
The cubic spline method applied to mid-interval interpolation of the data

The original sample size: 30000 The original time intcrval: At=0.0235s
The ncw sample size: 60000 The new time interval: At = 0.0125s
January / June, 2003
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Figure 11: The true spectrum and that obtained by cubic spline interpolation of the data,
The random data with autocorrelation function:
R(!) =CXp ("r) Cos (1271 t)
The cubic spline method applied to mid-interval interpolation of the data
R(0)- R(20) obtained from the original and interpolated values
R(21}- R(200) extrapolated
The original sample size: 30000
The original cut-off frequency: 20HZ (At = 0.025s)
The new cut-off frequency: 40HZ (At = 0.0255)
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Figure 12: The random data with autocorrelation function:
R(:} =exp (-;) cos (10, ;)
The cubic spline method applied to mid-interval interpolation of the data
The original sumple size: 30000 The original time interval: At =0.125s
The new sample size: 60000 The new time interval: At = 0.0625s
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Figure 13: The true spectrum and that abtained by cubic spline interpolation of the data.
The random data with autocorrelation function:

R(‘t) =exp ('1) €os (lOn r)

The cubic spline methed applied to mid-interval interpolation of the data
R(0)- R(20) obtained from the original and interpolated values

R(21)- R(200) extrapolated

The original sample size: 30000

The original cut-off frequency: 20HZ (At = 0.1255)

The new eut-off frequency: 40HZ (At = 0.0625s)

The observations from these figures are similar to the previous data. In the first case
(aliased), the estimated lag values lie on the true curve. The spectrum is exact and no
peaks are exhibited beyond the original cut-off frequency. In the second case (alias-
free), however, the estimated lag values lie alternately on the true curve, the spectrum
gives an aliased main peak below and a small peak above the original cut-off frequency.

CONCLUSIONS

The aliasing problem was considered and demonstrated by a simulation example. The
Nyquist frequency, the mirror image pattern, the useful frequency range and the folding
of higher frequencies were illustrated for the spectrum resulting from the discrete signal
processing.

Then, the cubic spline interpolation of the sampled data and its effects on the
resulting spectra were studied by simulating random signals with known autocorrelation
functions.

The cubic spline interpolation was applied to the sampled signal to obtain a discrete
autocorrelation function estimated from the sampled and interpolated values, with a
uniform time interval half the sampling interval. The resulting spectrum could be
estimated with an apparent cut-off frequency twice the original value. It was observed
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that when the original cut-off frequencies were above the positions of the main peaks,
the estimated autocorrelations formed good representations of the true functions and
could lead to exact spectral estimates; no peaks were observed beyond the original cut-
off frequencies and the spectra decayed to zero. On the other hand, small peaks wcre
observed beyond the original cut-off frequencies, for the aliased sampling rales.

The results appear to suggest that, in the uniform sampling, for an alias-[ree sampling
rate, cubic spline interpolation of the sampled signals can yield satisfactory
autocorrelation and spectral estimations, with an increased folding frequency and no
peaks above the original Nyquist frequency. Conversely, in the casc of aliased data,
small peaks may appear above the original cut-off frequency extended by the cubic
spline interpolation. Such small peaks, thal secm to result from the contributions of
some points picked up by the cubic splinc interpolation (missed in the original aliased
data), may indicate the possibility of aliasing being present in the experimentally
sampled signal and, for instance, raisc thc necessity for the data acquisition at a higher
rate. Evidently, this can be useful only if the Nyquist frequency, though below, is close
to the main peaks and; in othcr words, if the sampled signal is not too aliased.

APPENDIX
THE CUBIC SPLINE METHOD OF INTERPOLATION

The so-called spline fitting of a curve derives its name from a draftsman’s device. A
splinc is a flexible strip that can be held by weights so that it passes through each of the
given points, but goes smoothly from each interval to the next according to the laws of
beam flexure. The corresponding mathematical procedure is an adoption of this idea [9].

The cubic spline fit uses a set of cubics passing through thc known points, with a
new cubic in each interval. To correspond to the idea of the draftsman’s spline, it is
required that both the slope and the curvaturc be the same for the pair of cubics joining
at each point [9].

Thus, the equations for the cubic splinc interpolation (or curve fitting) are derived
subject to the above conditions. Consider the i-th interval between the points (x;, y;) and
(Xi+1, Vi+1). The equation of the cubic in this interval may be written as:

y:ai(x-xi)3+bi(x—xi)2+ci(x7xl)+di (8)

Since it fits at the two end points of the interval, then:

yi=a,{x; - xi)3 Fhiixg - xi)2 +eoi(x; —x5)+d; =d; (9)
and
Yion = Ak~ XD+ by (K — ) (% - xp) +dy =agh] 1 bih? eihg+di (10)

where

hy =%, — x; (11)

Further, the slopcs and curvatures of the joining polynomials have also to be
considered. From equation (8), the first and second derivatives may, respectively, be
written as:
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y'= Bai(x—xi)2+2b;(x—xi)+ci (]2)
y'=6a;(x—xj)+2b; (13)
Let s; denote the second derivative at the point (x;, yi). Equation (13) then gives:
s; = 6a;(x;—x;)+2b; = 2b; (14)
;41 = 6a;(X;,. —X;)+2b; = 6a;h; + 2b; (15)
These equations yield:
by =8 /2 (16)
aj = (si41 —s;)/6h; (17)

Substituting for d;, b; and a; from equation (9), (16) and (17), respectively, into
equation (10) and solving for ¢; gives:

1 h;
—(Yii1 —¥i) - —(2s; +5447) (18)
h, 6
Now, the condition that the slopes of the two cubics joining at a point (x;, y;) are the
same, has to be invoked. Equation (12), for the interval i at x=x;, gives:

yi= a0 x )7 £ 2b(x; - X))+ e = e (19)

C; =

and for the interval (i-1) at x=x; (the slope at its right end) yields:
yi=3ai_1(x - % )7+ 2bio (x5 =X )+ oy (20)
=3a, (h%i—1+2b;_th,_  +¢;_)
Equating these two expressions, substituting for a;, b;, ¢; and d; from equations (17),
(16), (18) and (9) respectively, after simplification it leads to:

hi_lsi,1 +(2hi,1 +2hi)5i + hisi+l = 6[yi+}ll_yi - yih—yii] (21)
i i—1

Equation (21) applies at cach interval, from i=2 to i=n-1, where n is the total number
of points. This would yield n-2 equations relating the n values of s;. Two additional
equations, involving s; and s,, may also be obtained by specifying the conditions
pertaining to the end intervals of the wholc curve. The suitable approach is to take s; as
a linear extrapolation from s; and s3, with an analogous linearity relationship for s, s,.
and s,.» [9]. This assumption gives:

hl'(Sz —Sl): hL(SB —Sz):) th] - (hl + hz)Sz + h|S3 =0 (22)
1 2

(23)

1
(Sp—Sp-1)= ﬁ(sn‘l —sp2)=hy ysSgp —(hg_o +hy_g)s,_+hy o3, =0
n—

hnl

It is convenient to write the set of equations in the matrix form:

0
&ha _(hl +hz) hl 0 0 OTSI ] M _ﬂ

h, 2h+h)  h, 0 0 0fs, b

0 h,  2n+h) b 0 0l |_, %ﬁh‘% (24)
0o 0 h,  2h,+h,) h,  0]s, ys;jy[l vy,

: h, h,
L 0 T 0 hn—l '(hn-z +hn—l) OJ_SH_

L0 ]

If the known points y; are equally spaced, h; will be the same and equal to h say, then
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a particularly simple matrix equation is obtainable. The vector on the right hand side of
equation (24) would, then, have components of A’y and the equation reduces to:

(1 -2 1.0 0 - - - 0] [s ] 0 ]

I 4 1 00 0 s, Ay,

0 1 4 1 0 0 s, Ay,

0 0 1 41 . 0 S :hi Ay, (25)
M o | M M

0 0 0 1 4 1 So Ay,

0o 00 1 -2 1, |s,| 0

After the s; values are computed from the above equations, the coefficients a;, b;, ¢
and d; are obtainable from equations (17), (16), (18) and (9), respectively. Substituting
these into equation (8), gives y corresponding to x in the i-th interval [9].
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